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Acoustic trapped modes in a cylindrical expansion chamber-pipe system
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This work is concerned with an analytical study of acoustic trapped modes in a cylindrical expansion chamber,
placed in between two semi-infinite pipes acting as a waveguide. Trapped mode solutions are expressed in
terms of Fourier-Bessel series, with the expansion coefficients determined from a determinant condition. The
roots of the determinant, expressed in terms of the wavenumber £, correspond to trapped modes. In the case of
a shallow cavity, in the sense that the cavity radius is only slightly larger than the pipe radius, asymptotic
approximations for the coefficients of the determinant can be applied. The determinant then reduces to a
simple form with four-rowed minors placed on a diagonal, enabling analytical evaluation and a proof of
existence of trapped modes. Trapped modes exist only for circumferential mode numbers m = 1; they do not
" exist for the axisymmetric mode m = 0. For a shallow cavity and for low values of the circumferential mode
number it is found that there is just one (rapped mode in the allowable wave number domain knin < k < ki,
and this mode is symmelric about a radial axis in the center of the cavity. Here, kwin is the cutoff frequency for
acoustic waves in the cavity and k. is the corresponding cutoff frequency in the pipes. In the numerical
examples of the paper, the lowest values of these frequencies are taken, but trapped modes exist within pairs of
higher cutoff frequencies as well. As the cavity is made more and more shallow, in the limit where the cavity
radius approaches the pipe radius, the ‘placement' of the trapped mode (in terms of the wavenumber &) moves
towards kinax. On the other hand, by increasing cavity depth (i.e. increasing cavity radius), the placement of the
(initially) single trapped mode moves towards k. This is accompanied by the appearance of an additional
trapped modes which come into play from the vicinity of ks and, by increasing cavity radius, moves towards
femin. Contrary to the first trapped mode, the second trapped mode is antisymmetric about a radial axis in the
center of the cavity. When a third trapped mode comes into play, by increasing the cavity radius yet further, it
is again symmeltric, and it is expected that a fourth mode will again be antisymmetric, and so on. [ncreasing the
circumferential mode number m has a similar effect. Increasing the length of the cavity has a similar effect as
well, but to a lesser extent.
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Figure 1. The velocity potential ¢ for trapped modes in a non-shallow.
(a) The z—symmetric trapped mode. (b) The z—antisymmetric trapped mode.
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